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1. Introduction 

A PQ-nianifold is a graded manifold (ringed space with nonnegative integer 
graded structure sheaf plus some local trivialization conditions) with a sym- 
^^ ■ plectic structure and a compatible odd nilpotent vector field Q. Due to a trick 

f-^ • by Roytenberg the graded symplectic structures are all exact, as well as the Q- 

00 \ 

1 ^ I structures, which by definition have only to be symplectic vector fields, are all 

^*j , Hamiltonian. If one starts with a study of the lowest degree PQ-manifolds one 

^— s i discovers the following structures. A degree 1 P-manifold is an odd cotangent 

^-^ ' bundle, i.e. the fiber-linear functions on the cotangent bundle are declared to 

be of degree 1 while the coordinates of the base manifold remain of degree 0. A 
►v> , Q-structure is now equivalent to a nilpotent Hamiltonian of degree 2. Since the 

^ . fiber-linear functions on T*M are the vector fields on M, a degree 2 function 

is a bivector field tt G r(A^rM). The Poisson bracket on T*M encodes the 
Schouten-Nijcnhuis bracket of multivcctor fields and therefore nilpotence of tt 
is equivalent to [tt, tt] — 0, i.e. the bivector is Poisson. Therefore PQ-manifolds 
of degree 1 are in one-t o-one co rrespondence to (smooth) Poisson manifolds. 



Roytenberg described in |RovOll | that a graded symplectic manifold of degree 2 
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is in one-to-one correspondence to a pseudo-Euclidean vector bundle. He more- 
over discovered that Q-structures are in one-to-one correspondence to Courant 
algebroids on the underlying pseudo-Euclidean vector bundle. The Dorfman 
bracket of the Courant algebroid can be reconstructed as a derived bracket be- 
tween the graded functions of degree 1 (which are isomorphic to the sections 
of the vector bundle) . In the same paper Roytenberg also gave the elementary 
structure of graded manifolds as towers of affine fibrations. 

Based on that, the author investigated PQ-manifolds of degree 3 and we 
define an algebroid with structures similar to the PQS-manifold. It turns out 
that this generalization is an iJ-twisted Lie algebroid. That is a vector bundle 
E —i' AI (over a smooth manifold) together with a map of vector bundles p: E -^ 
TM, called the anchor, and a skew-symmetric bracket [.,.] on the sections of 
E. These fulfill the usual Leibniz rule. More general than a Lie algebroid, the 
Jacobi identity can be twisted by an _E-3-form H with values in kerp. Guided 
by the PQ3-manifolds this H should be closed under some exterior covariant 
derivative. This arises naturally on the (possibly singular) subbundle ker p (see 
Section 2 for details). Given this exterior covariant derivative we will define a 
cohomology by the naive idea of cutting down the cochains (£'-forms with values 
in S^kerp) until it squares to 0. This is summarized in the main Theorem 1161 
in S ection 3 . The ide a of twist s of algebroi ds is wel l known in the literature, see 
g, [LWXQtI . chap.6], or |cSXia| . 



e.g 



Kos05 



Kos9e 



The correspondence to PQ3-structures requires an additional structure - a 
splitting. This is summarized in Theorem 1311 in Subsection 4.2. Also for these 
split iJ-twisted Lie algebroids it is natural to define cohomology in terms of the 
Q-structurc (analog to Courant algebroids) . We arrive thus at another definition 
of cohomology. 

Note that the iJ-twisted Li e algeb roid fits into the structure of a two-term 



Loo-algebra as introduced by [BC04J |. We will review this definition in Sec- 
tion 3. An interesting fact is that iJ- twisted Lie algebroids with an anchor map 
of constant rank can be described by Q-structures in another way, not involv- 
ing a symplectic realization. This observation goes back to the joint work of 



the author with T. Strobl in GS10|. This gives rise to another definition of 
cohomology in this regular case (details in Section 5). 

Note that the realization as Q-structures naturally permits one to write 
down topological cr-models for iJ-twisted Lie algebroids. They can therefore 
also be of interest for considerations in Q uantum-fi eld-theory . Deta ils of the 
underlying formalism can be found, e.g., in 



AKSZ97loralsoin 



GSlOj . Namely, 



during publica tion th e author was informed of parallel developments by Ikeda 
and Uchino in IU10|, where particular PQ-manifolds of degree 3 as well as the 



sigma-models via AKSZ-construction are studied. Their Lie algebroids up to 
homotopy correspond to splittable H- twisted Lie algebroids. 

For those readers not interested in the graded geometry behind it, the Sec- 
tions 2 and 3 are written entirely in terms of smooth geometry. Also the naive 
cohomology only relies on smooth vector bundles and the exterior covariant 
derivative on ker p. Since the naive cohomology requires (smooth) sections of a 
potentially singular bundle (the kernel of the anchor map), it seems helpful to 
also give a definition of _ff-twisted Lie algebroids in terms of differential algebra. 
This gives rise to what we want to call iJ-twistcd Lie-Rinehart algebras. For 



an introduction to Lie-Rinehart algebras see the original article 



as 



Rin63| as well 



CLOTJ I for the notion of (co)-morphisms. 



The organization of the paper is as follows. In Section 2 we give a definition 
of the E-connection of an anchored almost Lie algebroid {E, p) on ker p. We 
also explain what is meant by smooth sections in this possibly singular vector 
bundle. In Section 3 we introduce the main object, i/-twisted Lie algebroids. 
We show that they are anchored (in the sense of Section 2) and show properties 
of its exterior covariant derivative. We also give examples. This permits us 
to define the naive cohomology of an i/-twisted Lie algebroid. We end this 
section with the definition of i/-twisted Lie-Rinehart algebras. In Section 4 
we take an excursion to graded symplectic Q-manifolds and show that PQ- 
manifolds of degree 3 (with splitting) give rise to split iJ-twisted Lie algebroids. 
We moreover introduce the notion of split cohomology for splittable iJ-twisted 
Lie algebroids. In Section 5, finally, we introduce a Q-structure for regular 



iJ-twistcd Lie algebroids and define their regular cohomology. 

I would like to thank Zhuo Chen for discussions about an early version of 
this paper and pointing out that this is a two-term Loo-algebra. Moreover, 
I am thankful to D. Roytenberg for pointing me to the tangent complex (see 
Corollarv [34|) as well as the Example [29l Additionally I would like to thank Z.-J. 
Liu and the referee for pointing me to Lie-Rinehart algebras. Finally, I would 
also like to thank Yunhe Sheng of Jilin university for his hospitality during my 
stay there, since part of the work has been done during the stay. 

2. Connection for anchored almost Lie algebroids 

Definition 1. An anchored almost Lie algebroid {E,p, [., .]) is a vector bundle 
E — > M, a map p: E ^ TM, called the anchor, and a skew- symmetric bracket 
[., .] : r(£;) A r(£;) -^ T{E) subject to 

p['/'>] = [p((I}),pW]tm 

for all 0, V e r(£;), and f £ C°°(M). 

Example 2. Examples of these are Lie algebroids (which in addition fulfill the 
Jacobi identity), but also constructions of the following type. Let F C TM 
be an integrable distribution, E := F O Eq be a vector bundle with projection 
p: E ^ F C TM, V a connection on £'o, B G Vt\j{E,EQ), then 

[X ® 0, y ® 1/;] := [X, Y] ® B{X ® 0, F ® V) + ^(xm) V- " \(Y®^l,) 

is an anchored almost Lie algebroid. 

Remark 3. By a section VP G Q,\j{E, S' kei p) of the possible singular "bundle" 
A*E* S* ker/9 - S* denoting the symmetric powers of a vector bundle - we 
mean a smooth section of A'E* S'E that vanishes under p: A' E* (g) S*E — > 
A'E* (8) S'E (g) TM defined using the Leibniz rule 

p{a (g) V'iV'2) = a » ((V'l ® P(V'2)) + {^2 ® p(V'i))) 

where a G A'E* and ipi G Ex for some x £ M. 

Lemma 4. There is an E-connection on kerp, i.e. V^ : T{E) (S^T{lieTp) — >■ 
T(kcTp) subject to 

v/(/V') = p(<^)[/]-V + /v/v 

for all (f) G T{E), ij) G r(kerp), and f G C°°(M). 



Proof. Define VPtp :— [</», V'] for (j),tp as above and observe that it lies in kerp, 
because of tire morpliism property of p. Since p{'tp) = it is also C°°(M)-linear 
in (j). n 

Definition 5. Using the usual formula that works for Lie algehroids, we can 
extend'^ to an exterior covariant derivative D: il^{E, kcr p) — > 51*^ (_£, kerp), 
i.e. 

n 

(Da, Vo A . . . Vn) := ^(-1)"%! (a, Vo A . . . ^i, . . . V„) 

i=0 

+ ^{-'^y^^ {a, [i^^, V'j] A tZ-o . . . V'^ • • • V-J • • • ^n) 
i<j 

Lemma 6. The above formula is indeed skew- symmetric and G°°{M)-linear in 
all ipi. 

Proof. Straightforward computations analog to Lie algebroids. D 

Note however that D, in general, does not square to 0, because [., .] does not 

fulfill the Jacobi identity. Namely the two are equivalent. 

Corollary 7. V^ and D extend to r(S'*ker/9) and ri^(_E, S" kerp), respec- 
tively. 

Proof. Extend using the Leibniz rule 

D extends in an analog way. D 

3. Definition, examples, elementary properties 

Definition 8. An H-twisted Lie algebroid is a vector bundle E ^- M together 
with a bundle map p: E ^ TM (called the anchor), a section H G 17^^ (_B, kerp), 
and a .skew- symmetric bracket [., .] : T{E) A r(_E) — > T{E) subject to the axioms 

[(/),[^l,V2]] = [[</-, V'l]>2] + [^1,[</', ^2]] +H(<^,V'l>2) (1) 

[0,/-7/i]=p(,^)[/]-^ + /-[0,V] (2) 

BH = (3) 

where f G C°°(M), 4),^,^i G r(_E) and D is the one defined for anchored almost 
Lie algebroids. 

Lemma 9. p is a morphism of brackets, i.e. 

p[Vl,^2] = [p(^l),p(^2)] (4) 



Proof, expand using p{il})[f] • (j) — [?A, / • 0] — / • [V', 0], apply the Jacobi identity 
^ and note that po H = due to H £ ^m{E, kerp). D 

Example 10. Let {E, p, [., .]o) be a Lie algebroid of rank 3. Define an E-connection 
V'^'^ on r(S" kerp) as in the Lemma |4] and an associated Dq. 
Take an E2-form B e fl\.i{E, kei p) and define 

H := DoS, (5) 

[0,V]b:=[0,V^]o + S(0,V^), (6) 

It follows that the Jacobi identity of [.,.]b is twisted by DqB — H. Due to 
TkE = 3 we also observe that T)bH — for the differential defined in the 
Definition [S] 

Therefore {E,p, [., .]biH) is an H-twisted Lie algebroid. 
Example 11. We can generalize the last example if we take rki? > 3 with 
Lie algebroid structure (i?, p, [., .]o) and V'^'', Do as before. Starting from an 
arbitrary B € n\,j{E, kerp) we observe again that H := D^B is the twist of the 
Jacobi identity. For a S il.\f{E) the operator D is 

Da = DgQ! — a o B =: Doa + B(a) 
and for cj) e r(kerp) 

D0 = Do0 + B(0, •) -: Do0 + B(0) 

and for arbitrary ^ G fl\j {E , S' ker p) by extension by Leibniz rule. The last 
condition ([3]) is therefore equivalent to 

= DH = Do(DoS) + B(DoB) - B{DoB) , 

where we used that the differential Dq of the (fiat) module kerp squares to 0. 
Therefore we can generalize the previous example if we can solve this quadratic 
first order (partial) differential equation. 



From 



BC04l | we take the following definition of a two-term Loo-algebra. 



Definition 12. A two-term, Lao-algebra is a two-term complex ^^ T^ — > Vq — >■ 
together with three more maps 

[.,.]: Vo A Vo^Vo, 

l3-VoAVo/\Vo^ Vi 
Subject to the rules 

[0,a/] = 9(0>/) (7) 

idf)t>g-\-{dg)>f = (8) 

[</>!, [02, 03]] + Cycl. = 9^3(01,02,03) (9) 

0ll>(02>/) -02l>(01>/)- [01,02]>/ = ^3(01,02,5/) (10) 

/3([0i, 02] A 03 A 04) + 01 > ^3(02 A 03 A 04) + unshujfles ^ (11) 



where (j)i €Vq and / S Vi . 

Proposition 13. The H -twisted Lie algebroid {E, p, [., .], H) is a two-term Loo- 
algebra with the following identifications: 

-^ r(kcrp) =: Vi 4 r(£;) =: V^ ^ a complex, 

^2 : K, A K, ^ K, :((/)» ^ [(/)>] 

Zs: Fo AFo AVb ^ Vi : (^/-o, "01, V'2) ^ H{ipo,ipi,ip2) 

Proof. (O follows from the definition of the connection, ([9]) is the axiom of 
homotopy Jacobi identity ([1]), pAJ) can be identified with the closeness of H 
under the derivative D ([3]) . ([S]) follows from the skew-symmetry of the bracket 
(and the definition of the connection V^) and (flUl) for ipi G r(_E) and (f) £ 
r(ker/9) derives as follows: 

= [V'l,[V'2,0]] - [V'2,['01,0]] - [['01,'02],0] 

D 

5.i. Naive cohomology 

Proposition 14. The operator D fulfills a Leibniz rule, i.e. for a G fi^" (E', S* ker p), 
/3 G nij{E,S'keTp) it is 

D(aA/3) = (Da)A/3 + (-l)l"'aAD/3. (12) 

D^(ai A • • • A ak) = (D^ai) A 0:2 A • • • A afc H 1- ai A . . . ak-i A (D^afe) (13) 

Note that the operator D does not square to in general. It is 

DV = 0, (14) 

(D20, Vi A V2) = ff (</>, V-i, ^^2) =: (-&(</>), V-i A V2) (15) 

/or / G C°"{M), a, G ^m(E) = r(£;*), G r(kerp), and ^^ G r(E). 

Proof. For the first statement, note that D is an odd first order linear differential 
operator. 

For the second statement, observe 

T>^{ai A 02) = (D^ai) A 02 + (-!)'"'' (Dai A Da2 -Dai ADa2) 
+ ai A D a2 



and conclude for k terms ai by induction. It thus remains to show the formulas 
for /, a, and (p € r(kerp). 

= ([p(V'l),p(V'2)]-p[V'l,^2])[/]=0 

due to Lemma m For a G fl\.i{E) — T{E*) we have 

{D^a,ipo,-ipi,-ip2) =p(ipQ)[{Da,ipi,^2)] - (Da, [Vo, V'i],i/'2) + cycl. 

= (p(V'o)p(V'i) - p{ipi)p{ipo) -p[V'o,^i])[(a,^2)] +cycl.+ 
+ (a, [[V'o,'0i]>2]+cycl.) 

The first term vanishes due to Lemma [9] The second term simplifies using 
the Jacobi identity and gives the claim. ([T5|) is property pUj) of a two-term 
Loo-algebra. D 

Remark 15. Extend moreover the operator H from the last proposition 

H: nlf\E,S'^kerp)^nlf\E,S''keTp) : ff(ao A . . . a^ «) Vi ■ • ■ V-?) = (16) 

p 
= '^{-iyH{ai) A ao . . . ai . . . ctp Vi ■ • ■ "09 

i=0 

q 
+ ^ ao A . . . ap A H{ipj) ■ ipi . . .xpj ■ ■ -ipq . 

Remember the trace operator. Given a tensor product of vectors and covectors, 
e.g. h^E* ® S'^E it contracts one vector with one covector, thus lowering the 
number of factors by one each. In explicit formulas this is 

tr : a'^'+i E* ® S'^'E -^ a'' E* ® 5""^^ : tr(ao A . . . a^ (g) Vi • • • V'm) = (17) 

k m 

= ^^(-l)*(ai,'0j) -ao A ...ai...a/c (X)V'i •••^j •••■0™ ■ 

4=0 j = l 

Theorem 16 (naive cohomology). Given an H-twisted Lie algebroid (E, p, [., .], H) 
we define its naive cochains as 

CP'^iE) ■.^kei{H\nlj{E,S''kerp)) (18) 

and the differential 

dfi : CP^*{E) -^ CP+^'*{E) : * K^ D*, (19) 

together with an accompanying differential 

S:CP''^{E)^CP-^^''-^{E):-^^tT^ (20) 



Its partial cohomology H'^aivei^) '■— H*{C*'*{E),dE) is called the naive 
cohomology. 
Proof. 

Lemma 17. DoH - H oI) = DH and H otr = tr oH O 

Now for * e kcrH, D^f = H{^) = and 

tr^ (ai A a2 €5 ip4') = ("i , V'} ("2 , V") - ("2 ,ip){ai,ip) =0 
and by a polarization argument also for two arbitrary -01 and "02 ■ By an induc- 



tion argument this extends to arbitrary ^ G fi^^ (_B, S'^ ker p) 



D 



Note that the two differentials do not interchange, i .e. thi s is not a double 



complex. The name naive cohomology is in analogy to 



SX08J . because we cut 



2,0 



down the cochains such that D squares to 0. It might thus be that H-naivei^) ® 



Hn'aivei-^) docs uot covcr all infinitesimal deformations of -E. 

Example 18. 1. If {E,p, [., .]) is a Lie algebroid (and H thus vanishes), the 
naive cohomology coincides with Lie algebroid cohomology with coeffi- 
cients in S' ker p. 
2. Let flo == su(2) and B := ^^(^ Xi. Then i7 = vol (g) X2 and 



CP'^5,H) 



?)Sig forp^l, 

a b \ 

c d e : a, ...,/£ 

f -a ) 

for p ^ l,ni + n2 + n^ = q 




for p = 1 = g. 



1 > 1 



The cohom ology of su(2) is well known due to Whitehead's lemma (see 
e.g. |Var84| ')- i-e. i?P(su(2)) = for p = 1,2 and IR for p = 0,3. For the 
_B-twisted algebra however this is 



H'J^.e{S,B) 



R for p = 0, 2, 3 
for p = 1 , 



i.e. the twist has an effect on H^''^{g, B). The cohomology with coefficients 
in Q is 

rrp,i ( r?\^j^ for p = 0,1, 3 
I IR for p = 2 . 

as opposed to Whitehead's theorem (see, e.g. webl . WhiteheadsLemmas]) 
for su(2), where the Lie algebra cohomology with coefficients in an irre- 
ducible module of rank at least 2 vanishes. 



3.2. H -twisted Lie-Rinehart algebras 

Since the cochains C'* := f2^^(-E, S'^kerp) are smooth sections of a pos- 
sibly singular vector bundle, the more natural language for the iJ-twistcd Lie 
algebroids is that of modules over (smooth) algebras. Throughout this chapter 
51 will be a commutative (associative) ring with unit 1 over a base field k. We 
will denote by Der(!K) the derivations of Ji (being additive and fulfilling the 
usual Leibniz rule). By ® we denote the usual tensor product over k. Given 
an 5J-module £, we denote £* := Homj;(£, J?) it s dual module. Remember the 



definition of Lie-Rinehart algebra Rin63l ICLOTJ ] . 



Definition 19. A Lie-Rinehart algebra (Jl, £, [., .],p) is an Jl-module £ that has 
the structure of a Lie algebra (£, [., .]) together with an 'R-linear map p: £ — >■ 
Der(!K) subject to the rules 

[0,/-^]=p((/.)[/]-V + /-[0,^] 
P[(li,^] = [p(^),P(V')]Dcr(3J) 

where (/), V'i G £, / £ 3i. 

Note that the first axiom is the Jacobi-identity of the Lie algebra. The 
second axiom is the Leibniz rule and the third axiom is the morphism-property 
for the anchor map p. The last axiom follows from the first two for projective 
modules £, however one usually does not make this restriction in the definition. 

The analogy for _ff-twisted Lie algebroids is now. 

Definition 20. An H-twisted Lie-Rinehart algebra {31, 8., [.,.], p, H) is an 31- 
module £, a skew- symmetric k-linear bracket [.,.]: £ A £ — > £. an 3l-linear map 
p: £ -^DeT{3V), and an E- 3- form H with values inker p, i.e. H G Hom3j(A'^£,kerp), 
subject to the rules 

[i'l, [i/'2>3]] + cycl. = i/(i/;i, ^2,^-3) (21) 

[0,/-^]=p(0)[/]-V' + /■[(/)>] (22) 

p[0,V] = [p(0),p(V')] (23) 

DH = , (24) 

where (j),ipi ^ E, f ^ 31 andD: Hom3^(A'£, ker p) -^ Hom3j(A*+'^£,kerp) is the 
exterior covariant derivative induced by the ^.-connection V: £ ® kerp — >■ kerp 
which is induced by the bracket [.,.]. 



10 



The construction of the £-connection on kcr p as weU as the exterior covariant 
derivative is analog to the algebroid case. 

Example 21. A big class of examples comes from _ff-twisted Lie algebroids, where 
"R — C°°(M), £ = r(i?), and [.,.] and H are the corresponding structures. In 
particular i/-twisted Lie algebras are 2-term Loo-algebras with the differential 
9: Vi — > Vq being an embedding. 

In order to form a category we also need to specify the morphisms. These 
come in two versions. 

Definition 22. Given two H -twisted Lie-Rinehart algebras (Jli, 8,i, [., .]i, pi, Hi), 
z = 1,2 together with their induced connections V and V', an Lao-fnorphism 
($*, $J, $2) of Lie-Rinehart algebras is a morphism of base rings $* : IRi — >■ 3?2, 
a morphism of modules <I>5^ : £1 — > £2 and $2- ^^ £1 ^^ kerp2; subject to the 
rules 

$*(/).$t(V') = $t (/•'/'), (25) 

^*{fi.f2) ■ mA,i^2) ^ mfi ■ ^ij2 ■ ^2), (26) 

^l[lPl,^b2]l - m^l,nH2 ^ <^U^U4'2), (27) 

<^*{pi{nf]) - p2 o m^pm*f] = 0, (28) 

^l o iJi(Vi, V2, V'3) -H20 A^$J(V'i, V2, V'a) = V<E,.v,i mip2, V-s) (29) 

- <^U['^i,ip2]i,^3) + cycl. 

For all V'i e £1, /j e 3?i. 

We call such an Loo-morphism strict iff ^^2 — 0- 

Note that despite the notation we do not require the $* to be transposes of 
any maps $i. 

Proposition 23. The H -twisted Lie-Rinehart algebras together with L^a -morphisms 
form a category. The composition law for two morphisms $* : (3?2,£2) — > 
(3^3, £3) and ** : (3Ji, £2) ^ {^2, £2) «s 

($*o**) :3Ji ^3^3, (30) 

(<I>*o**)i:£i^£3:X^$t°*t(x), (31) 

($*o**)2 : a2£i ^kerp3 : {xi,X2) ^ ^ o aHI{xi,X2) + '^l o %{xi,X2) 

(32) 

where Xi G £1, / G 3?i; anrf ps is the anchor map of (JI3, £3). 
The strict morphisms for a subcategory. 

The result is that an Loo-morphism of iJ-twisted Lie algebroids is the fol- 
lowing. 



11 



Definition 24. Let [Ei -^ Mi,[., .]i,pi,Hi), i = 1,2 be two H -twisted Lie 
algebroids. A morphism between them is a triple of maps $: M2 — > Mi, 
$1 : i?2 ^^ ^1' "^"^ '^2 : (ker/92)* — >■ /\^El, such that their transpose ($*, $J, $2) 
form an Loo-morphism of Lie-Rinehart algebras. We call it strict morphism iff 
$2 = 0. 

Corollary 25. Also the H-twisted Lie algebroids together with Loo-morphisms 
form a category. Moreover the strict morphisms form a subcategory. 



4. Splittable H-twisted Lie algebroids 

4-.1. Motivation from PQ-manif olds 

The au thor' s motiv ation to investigate an H-twist came from a generalization 
RovOlj and GSlOj to degree 3 PQ gra ded manifol ds. For a short introduc 



of 



GrliOa Chap. 2.2], |RovOll Sect. 2], 



Sev05 . 



tion to gra ded ma. nifolds, see e.g 

Sect. 2], or |Vor02i Sect. 4]. 

Remember the Euler vector field e of a graded manifold M. Its eigenfunctions 

are the homogeneous functions on M. 

Proposition 26. A symplectic N-manifold of degree 3 has an exact symplectic 
form io = d{^iiLd) — ddi A dx* + dba A d^°13 o.'n-d locally the structure M « 
T*[3]E[l]. 

It fits in the short exact sequences 



Ox M ^ T*[3]M -^M^g^OxM 



X M ^ £;*[2] ^ £ ^ E[l] ^ X M 
of pointed graded fiber bundles over M the body o/M. 



(33) 



D 



This is an observation by Roytenberg in 
changes read as: 

r = A/ax)e^ 

dx^ 



RovOlf . Canonical coordinate 



0^ = -^ {0, - Mi^{M~^)\£,%, + ii?j,,,,Mfrc'r) , 



■^x' of degree 0, §" of degree 1, ba symplectic duals of J" and of degree 2, and di the 
symplectic duals of the x' and of degree 3 
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where R £ nli{E) has to fulfih 

Rabc '■= {M )^Rdbc-, 

and [. . . ] and [[. . . ]] mean skew-symmetrization in the embraced indices. 

Lemma 27. The above short exact sequences permit splittings (in the category 
oj pointed fiber bundles) . A splitting i: £ — > M induces a mappi: M — > T*[3]M, 
and a splitting j : E[l] — > £ induces a map pj: ?, ^^ _E*[2]. 

X Af ^r*[3]M A M4^ £ ^0 X M (34) 

X M ^ E*[2] A £ 4^ E[l] ^ X M 

A change of the splitting j is a section R G fl\j{E,E) which modifies p* to 
ip ^^ P^ip) + Rii^)- ^ change of the splitting i for fixed splitting j is a section 
L e nlj{TM, A^E* ® E* (g) E) which modifies p* to X ^ p*{X) + L{X) for 
X G r(TM). 

Proof. The fibers are contractible. D 

Example 28. The Q-structure O of a PQ3 manifold has the foUowing compo- 
nents: 

e = pl{x)e,C + ^C:,{x)Cebc + ihabcd{x)Cee^' + ^B-\x)bab, (35) 
i.e. a map 

p:E^TM: p(^)[/] - { {e,p*V^}, /} , (36) 

a symmetric 2- vector 

B e T{S^E) : B{a, (i) ^ {{9, q*a}, q* P} , (37) 

an E4-form 

h e nlj{E) : h{il;i,ip2,ip3,ip4) = {{{{e,p*-0i},p*V'2},PjV'3},Pj V'4} , (38) 
and a bracket 

[.,.]: T{E)®T{E) ^ T{E) : [0,^-] ^ i;{{Q,p;^},p*ij} . (39) 
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The nilpotence {0,0} is equivalent to 

Mad] ., = ¥cCU [p{<t,),pm^p[<i^M (40) 

P\aCtl^ + Cl,ft^, + ^K,ceB^'' = (41) 

[0, [V'1,V'2]] - [[0,V'l],V'2] - [V'1,['/',V'2]] =B#o/l((/)>i,V'2) 

iTP[a'i6cde],» + l^Cfb]/l/[cde=0 D/l = (42) 

/9J,Bj^'= + C^^^B'^^" = DB = (43) 

ff^B"^ = p o B# = (44) 

where 0, ^/i, V'i G r(i?) 



Proof. In order to show, e.g., (|4T1) use adapted coordinates such that p*j{Oa) ~ Oa 
and note that the derived bracket encodes: 

Then use computation in these coordinates. D 

Examyl e 29 (Cotangent structure of a Courant algebroid). Due to Roytenberg 



RovOlj a Courant algebroid structure on the vector bundle ^ ^' M is in one- 
to-one correspondence to a cubic Haniiltonian Qa on the symplectic realization 
A := A[l] X(^0^.)[i] T*[2]A[1]. The Dorfman bracket can be expressed as a 
derived bracket. Analog to Roytenberg's example r*[2]T[l]A/ one can also 
consider M :— T*[3]A with a Hamiltonian lift of the Q-structure. The role of E 
in Proposition [26l is played by a vector bundle E that fits into the short exact 
sequence of vector bundles over M 

Ox M ^ TM -^E^A^OxM 

where n is the projection T*[3]yi — > A. If one follows the steps of Example [28l 
after choosing a splitting of the short exact sequences, one recovers an H- twisted 
Lie algebroid on E. Note that the lifted Q-structure mixes the A and the TM- 
component in E, however T(A) is a subalgebra with an almost Lie algebroid 
bracket deriving from the Courant bracket and a compatible connection. In 
coordinates - f on T[1]M, b, on T*[2]M, and 0, on T*[3]M - the Q-structures 
read as follows: 

eA=p'a{x)eh + iCabc{x)eee 

f) f) (J ft 

d 
and the Hamiltonian lift 
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Therefore the symmetric bivector B and the i?-4-form h compute as 

B:E:-E:^R:{a,l3)^ p',g''\aA + a^A), 
h{cj), V-, X, ^) = CabcA^i^'x''^' + alt.), 

The anchor map factors through n 

Pe:E-^TM:4,^Pa{ttW) , 

and the skew-symmetric bracket in coordinates is 

[0, V] = z;{{e,<^}, V} = pmr]ba + c^ab^^x - pwmba 
+ pmr]h + p:,,j{rr - 0^'^")^. - p{n^']h . 

Note that this bracket fulfills Leibniz rule and has Jacobiator _B* o h. 

4.2. The splittable case 

Definition 30. We call an H-twisted Lie algebroid {E, p, [.,.], H) splittable if 
there exists a D-closed EJ^-form h G Q.\i{E) and a D-closed symmetric 2-vector 
B e nlj[E,S'^\ievp) = r(5'2kerp) such that 

H = B* oh . 

The above Example [28] is obviously splittable, however Example [10] cannot 
be split for degree reasons. In general we arrive at the following theorem. 

Theorem 31. An H-twisted Lie algebroid can be written as in Examvle \28\ iff 
it is splittable. 

There is a one-to-one correspondence between split H-twisted Lie algebroids 
and PQS-manifolds with splitting. 

Definition 32. We define the split cohomology of a splittable H-twisted Lie 
algebroid as the cohomology o/0(M) under the differential Q := {O,.}. 

Remark 33. In analogy to the Courant algebroid the lowest orders of cohomol- 
ogy have the following interpretations: H^{E) are the smooth functions on M 
that are constant along the integral leaves of the image of p. q*H^{E) are the 
D-closed E-1-forms modulo D-exact 1-forms. H^{E) are the infinitesimal au- 
tomorphisms of the split E modulo the inner automorphisms L^ :— [tp, .] (for 
tjj G kei H n r{E)). H^{E) are the obstructions of extending an infinitesimal 
automorphism to a formal one. 

Corollary 34. Given a split H-twisted Lie algebroid there is a complex 

-^ T*M ^ E* ^ E A TM -> . (45) 
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Proof. This is the so-cahed tangent complex of a Q-manifold. The vector spaces 
are the lowest degree tangent spaces in the sequence 

M^ £ -^ E[l] -^ M 

and the map is the commutator with Q which turns out to be C°°(M)-linear. 
The abstract reason why the sequence is a complex is that [Q,Q] — 0, but in 
our particular case we also see that B £ T{S^ kerp) and therefore p o i?# = 0, 
as well as the dual sequence = B'^'^ o p^ = i?# o p'^. D 

5. Regular cohomology 

The iJ-twisted Lie algebroi d whe re the anchor has constant rank is also a 



Lie-2 algebroid in the sense of [GS10|. The identifications are according to the 

names of the maps and t: kerp ^-> E the embedding. Therefore there is a 

realization of the structure functions as Q-structure on a graded manifold of 

degree 2. 

Proposition 35. Let {E,p, [., .],iJ) be an H -twisted Lie algebroid with anchor 
map p of constant rank. Then there is a nilpotent vector field Q of degree 1 on the 
graded manifold M := (kci p)[2] ® E[l] with I: T{E) -^ X^_^{E[l]) C X[_i](M) 
and V : r(ker(0) — > X[_2](kcr/9[2]) = X[_2](^) such that 

^■01, ■02] =pr2[[/Vl,'9],^V'2], 

p(0)[/] = UM[I] e 0[o](M) = C°°(Af), 

rif(Vi,V'2,V'3) = [[[QMi]A^P2]M3\ e X[_2](M) = r(kerp), 

r V/0 ^[[QM. H] e X[_2] (M) for <p e r(ker p) 

Proof. This is a corollary of Proposition 3.1 in 'GS10|. The coordinate descrip- 
tion of the Q-structure is 



^-Jc;.w«'4, + 4,x)»-|--r?,r<.-3|, 



where F^^ are the connection coefficients of V-^ , C^^ the structure functions of 
the bracket, x^ coordinates on M, 5° fiber-coordinates on E[l\, and h^ fiber- 
coordinates on (ker p) [2] . The nilpotence of Q is equivalent to the axioms of an 
iJ- twisted Lie algebroid (for these choices of M and V^ induced by [., .]). D 

Therefore we can define: 

Deflnition 36. The regular cohomology of an H-twisted Lie algebroid is the 
cohomology of the vetor fields X, (M) under the differential [Q,.]. 



16 



References 

[AKSZ97] M. Alexandrov, M. Kontsevich, A. Schwartz, and 
O. ZaborONSKY: The geometry of the master equation and topo- 
logical quantum field theory, Int. J. Mod. Phys., vol. A12, (1997) 
1405-1430. hep-th/9502010. 

[BC04] J. C. Baez and A. S. CranS: Higher- dimensional algebra. VI. Lie 
2-algebras, Theory Appl. Categ., vol. 12, (2004) 492-538, ISSN 1201- 
561X. math.QA/0307263. 

[CL07] Z. Chen and Z.-J. Liu: On (co-)morphisms of Lie pseudoalgebras 
and groupoids, J. Algebra, vol. 316(1), (2007) 1-31, ISSN 0021-8693, 
doi:10.1016/j.jalgebra.2007.07.001. 

[CSXIO] Z. Chen, M. Stienon, and P. Xu: Geometry of Maurer-Cartan 
elements on complex manifolds, Commun. in Math. Phys., vol. 297, 
(2010) 169-187, ISSN 0010-3616, doi:10.1007/s00220-010-1029-4. 

[Gru09] M. Grutzmann: Courant algebroids: Cohomology and matched 
pairs, Ph.D. thesis, Pennsylvania State University (2009). 
math. DG/ 1004. 1487. 

[GSIO] M. Grutzmann and T. Strobl: General Yang-Mills type gauge 
theories for p-form gauge fields - a physics approach. Work in 
progress, hep-th/10. . . 

[lUlO] N. Ikeda and K. UchinO: QP-structures with degree 3 and 4d topo- 
logical field theory, hep-th: 1004. 0601. 

[Kos96] Y. Kosmann-Schwarzbach: The Lie bialgebroid of a Poisson- 
Nijenhuis manifold, Lett. Math. Phys., vol. 38(4), (1996) 421-428, 
ISSN 0377-9017, doi:10.1007/BF01815524. 

[Kos05] — Quasi, twisted, and all that. . .in Poisson geometry and Lie alge- 
broid theory, in The breadth of symplectic and Poisson geometry, vol. 



17 



232 of Progr. Math., pp. 363-389 (Birkhauser Boston, Boston, MA, 
2005). math-sg/0310359. 

[LWX97] Z.-J. Liu, A. Weinstein, and P. Xu: Manin triples for Lie bialge- 
hroids, J. Diff. Geom, vol. 45/3, (1997) 547-574. math.DG/9508013. 

[Rin63] G. S. Rinehart: Differential forms on general commutative alge- 
bras, Trans. Amer. Math. Soc, vol. 108, (1963) 195-222, ISSN 0002- 
9947, doi:10.2307/1993603. 

[RoyOl] D. ROYTENBERG: On the structure of graded symplectic superman- 
ifolds and Courant algehroids, in Workshop on Quantization, Defor- 
mations, and New Homological and Categorical Methods in Mathe- 
matical Physics, vol. 315 of Contemp. Math., pp. 169-185 (2001). 
math.SG/0203110. 

[Sev05] P. SeverA: Some title containing the words "homotopy" and "sym- 
plectic", e.g. this one, in Travaux mathematiques. Fasc. XVI, Trav. 
Math., XVI, pp. 121-137 (Univ. Luxenib., Luxembourg, 2005). 
math.SG/0105080. 

[SX08] M. Stienon and P. Xu: Modular classes of Loday algehroids, 
C. R. Acad. Sci. Paris, vol. Ser. I 346, (2008) 193-198. 
math.DG/0803-2047. 

[Var84] V. Varadarajan: Lie groups, Lie algebras, and their representa- 
tions. Graduate texts in mathematics (Springer, 1984). 

[Vor02] T. VORONOV: Graded manifolds and Drinfeld doubles for Lie bialge- 
broids. Quantization, Poisson Brackets and Beyond, Contemp. Math, 
vol. 315. math.DG/0105237. 

[web] WRITTEN BY THE WEB: PlanctMath the online math encyclopedia. 
|http : //planetmath . org/[ 



18 



